Let Z(X) be the number of degree-d extensions of Fq(t) with bounded discriminant and some specified Galois group. The problem of computing Z(X) can be related to a problem of counting Fq-rational points on certain Hurwitz spaces. Ellenberg and Venkatesh used this idea to develop a heuristic for the asymptotic behavior of Z ′ (X), the number of -geometrically connected-extensions, and showed that this agrees with the conjectures of Malle for function fields. We extend Ellenberg-Venkatesh's argument to handle the more complicated case of covers of P 1 which may not be geometrically connected, and show that the resulting heuristic suggests a natural modification to Malle's conjecture which avoids the counterexamples, due to Klüners, to the original conjecture.
Introduction
Let k be a number field and let N ≤ S n be a transitive group with one-point stabilizer H ≤ N . By an Nextension, we mean a Galois extension K/k with Galois group G(K/k) ∼ = N . We will denote the discriminant of a finite extension K/k by D(K/k). It is well known that the number of extensions K/k with N k Q D(K/k) < X is finite. In [13] , Malle conjectures an asymptotic formula for the number of N −extensions K/k of a fixed number field k with N k Q D(K H /k) < X where K H /k is the intermediate extension corresponding to H. In order to state Malle's conjecture precisely, we need to introduce some invariants of the group N .
Let g ∈ N . We define the index of g to be the number ind(g) = n − r where r is the number of orbits of g on set {1, 2, ..., n}. We define the index of the group N , ind(N ), to be the minimum of all {ind(g) | g ∈ N # } where N # = N − {1}. Finally, we define our first invariant a(N ) = 1/ind(N ). In order to define our second invariant, we let C(N ) be the set of conjugacy classes of N # whose index is equal to the index of N (the ones with the minimal index). We define a G(k/k) action on set C(N ) via the cyclotomic character χ as g.c := c χ(g) for g ∈ N and c ∈ C(N ). Now, we define our second invariant to be the positive integer b(N, k) = |C(N )/G(k/k)|.
Fix k and denote the number of N -extensions K/k with N k Q D(K H /k) < X by Z N (k, X). Malle's conjecture [13] is stated as follows: Conjecture 1.1.(Malle) Let k be a number field and N be a transitive subgroup of S n . Then,
Note that this conjecture is known for abelian groups and k = Q by the work of Wright [15] , for N = S 3 by the work of Davenport-Heilbronn [4] , for N = D 4 , S 4 , S 5 and k = Q by the work of Bhargava, see [1] and [2] . In [10] , Klüners and Malle proved that for each positive ǫ > 0 there are positive constants c ǫ , C ǫ such that c ǫ X a(N ) < Z N (Q, X) < C ǫ X a(N )+ǫ for any Nilpotent group N given with its regular representation N ֒→ S |N | .
Recently, Klüners gave a counterexample to this conjecture, see [11] . Indeed, take k = Q and N = ( (123) ⊕ (456) ) ⋊ (14)(25)(36) ≤ S 6 which is isomorphic to C 3 ≀ C 2 where C r is the cyclic group with r elements. Then, one can easily see that the conjecture predicts that Z N (Q, X) ≍ X 1/2 . Klüners shows that Z N (Q, X) ≍ X 1/2 logX. He also points out that if one counts only the regular extensions i.e. extensions without an intermediate cyclotomic field, then one gets the asymptotic in the conjecture.
For the rest of the paper, fix a q which is coprime to |N |. One can state the conjecture for k = F q (t) with evident modifications. In this setting, constant intermediate fields correspond to intermediate cyclotomic extensions. Subject to some heuristics on Hurwitz schemes, Ellenberg and Venkatesh [7] compute the size of the main term in the asymptotic for the number of N -extensions without constant subextensions, and obtain the analogue of Malle's conjecture.
This suggests that Malle's conjecture may correctly predict the asymptotics for extensions without cyclotomic (constant) subextensions. Using the idea of Ellenberg-Venkatesh [7] , we will count N -extensions K/F q (t) with a maximal constant subextension corresponding to a fixed normal subgroup G; we will call such an extension N G -extension. Then, we will take the maximum of the asymptotics of N G -extensions as G varies to get the asymptotic for Z N (F q (t), X). We will propose a conjecture eliminating the Klüners' counterexamples and compatible with the existing results.
The idea is as follows: the category of N G -extensions of F q (t) is equivalent to the category of (connected but not necessarily geometrically connected) N G -covers of P 1 Fq . Therefore, counting extensions is more or less equivalent to counting F q -rational points on the moduli space of certain covers of P 1 , namely Hurwitz schemes. Assuming the heuristic:
we reduce the problem to one of counting irreducible components of Hurwitz spaces, and computing their dimension. More precisely, let Z G,N (F q , X) be the number of N G -extensions K/F q (t) with N ormD(K H /F q (t)) < X. We will prove:
where b(G, N, F q ) is an explicitly computable positive integer.
As an immediate consequence, we have the result of Ellenberg-Venkatesh:
In section 4, we will conjecture an asymptotic for the number of N -extensions of a global field. As evidence in the favor of our modification of Malle's conjecture, we show that our version is not contradicted by Klüners' counterexample from [11] .
We want to count branch covers of P
1
Fq corresponding to N G -extensions of F q (t), namely N G -covers. These covers are parameterized by certain F q -rational points of Hurwitz schemes of (G, N )-covers of P 1 . In section 2, we will state well known facts about these moduli schemes. In particular, we will introduce discrete invariants, so called Nielsen tuples, parameterizing "almost" geometrically connected components of Hurwitz schemes and we will determine the components parameterizing N G -covers. In section 3, using the heuristic, we will reduce the problem of counting covers to counting Nielsen tuples. In section 4, we prove Theorem 1.2 and we conjecture an asymptotic for Z N (k, X) where k is a global field. Finally, we give some examples, as corollaries of Theorem 1.2, supporting our conjecture.
Hurwitz Schemes of (G, N )-covers
For the rest of the paper, fix a transitive subgroup N ≤ S n and a normal subgroup G of N of cardinality m with cyclic quotient N/G. Also, fix a one-point stabilizer H ≤ N . Let q be such that (q, |N |) = 1.
In this paper, we will prove the asymptotic formula under the assumption that G splits in N , that is N = G ⋊ T for some cyclic group T . We hope to treat the general case in a future paper. So, once and for all, fix a cyclic complement T of G in N and an element τ ∈ T generating T . Let C T be the kernel of the projection T→N/G ։ N/GCen N (G),
In this section, first, we will introduce (G, N )-covers of P 1 /F q and discuss basic facts about their moduli spaces, namely Hurwitz schemes. Secondly, we will discuss the decomposition of Hurwitz schemes into their almost-geometrically-connected components. Finally, we will determine the components which parameterize the covers we want to count, namely N G -covers. Most of the work we summarize in this section is due to Fried [8] and Wewers [14] .
Let ρ : N → S m be the representation given by the action of N on the left coset space N/T . Note that, for g ∈ G, ind(g) will denote the index of g ∈ S n , not the index of ρ(g) in S m .
Let Y /F q be a geometrically connected smooth curve and f : Y → P 1 /F q be a finite branched cover of degree m = |G|. Note that the field of moduli of the cover (Y, f ) is also the field of definition, see [5, Corollary 3.3] . Let K/F q be the field of definition of the cover (Y, f ) and let f K : Y K → P 
where f : Y → P 1 /F q is a cover as above and S is a (G, N )−structure on f .
We remark that f :
is Galois, see [14, Remark 3.4.4] .
Abusing the notation, by Im(φ) ( or Im(φ) ) we mean homomorphic image ofφ ( or Im(φ) ) in S n . In other words, a (G, N )-cover is a cover of P 1 /F q with geometric fundamental group, Im(φ), G and with arithmetic fundamental group, Im(φ), at most N . Note that we want to count covers with arithmetic fundamental group exactly N .
Note that given a geometric point b on 
has size at most |Cen N (G)|.
Proof. Wewers carries out a detailed construction of H
. By section 4.1.3 of [14] and [5] , the obstruction to P arising from a cover lies in the second cohomology group H 2 (F q , Cen N (G)). Since F q has cohomological dimension one, there is no obstruction. By Lemma 2.6 below,
). This cohomology group has size at most |Cen N (G)|.
Lemma 2.6. The isomorphism classes of (G, N )-covers of P 1 parameterized by the point P ∈ H G,N (F q ) is in one-to-one correspondence with the cohomology group H 1 (F q , Cen N (G)).
This induces a map
It is easy to see that
. One checks that δ ψ is a cocycle and δ defines the desired correspondence.
Later, we will make use of the important fact that H G,G ∼ = H G as schemes defined over F q where H G is the coarse moduli scheme of geometrically connected Galois G-covers of Let H G,N,k be the moduli space of (G, N )-covers with degree-k branch locus and U k = P k \δ k where δ k is the discriminant locus. Then, the natural map π : H G,N,k → U k taking a cover to its branch locus iś etale. On the other hand, if B is a geometric point of U k /F q , then the braid group π 1 (Ū k , B), the geometric fundamental group of U k , can be written in standard representation with generators Q 1 , ..., Q k−1 .
In summary, there is a bijection between N i k (G, N ) and the geometric fiber π −1 (B) [14, Proposition 4.3.1] . This bijection induces a well-known action of the braid group
N and the geometrically connected components of H G,N,k correspond to the braid group orbits on N i k (G, N ).
Given a k-tupleC = (C 1 , ..., C k ) of G-conjugacy classes, one can consider its orbit [C] N under conjugation by N . Define N i(C) to be the set ofḡ ∈ N i k (G) such that, after some permutation of the entries ofḡ, In summary, we have: 
Moreover, the map π : H [C]N → U k sending a cover to its branch locus isétale and geometric points of the fiber over B ∈ U k (F q ) can be identified with N i([C] N ). The induced action of the monodromy group
., g k ) and, thus geometrically connected components of
Note that the arithmetic fundamental group of a (G, N )-cover is a subgroup of N containing G and we want to count the ones defined over F q whose arithmetic fundamental group is exactly N , namely N G covers defined over F q . Note also that an N G -cover defined over F q corresponds to a N G -extension of F q (t) and vice versa.
Let
where ∆ is the natural map in Theorem 2.5. Below, we determine the components whose F q -rational points parameterize N G -covers defined over F q . For any given subgroup N ′ ⊆ N containing G, the natural map
In particular, by taking N ′ = G we obtain anétale cover Λ :
acts on the geometric fiber Λ −1 (P ) trivially and this induces a sharply transitive action of T ′ on Λ −1 (P ). Let P ∈ H G,N (F q ) and Q ∈ Λ −1 (P ). Then, the geometric fiber Λ −1 (P ) is defined over F q and for all σ ∈ G Fq there exists a unique ζ(σ) ∈ T ′ such that Q σ = Q ζ(σ) ∈ Λ −1 (P ). One can easily see that ζ ∈ H 1 (F q , T ′ ) (here the action of the absolute Galois group
and it is independent of the choice of Q ∈ Λ −1 (P ). Therefore,
where H ζ G is the twist of H G via the composition of ζ with the embedding of T ′ in Aut(H G /H G,N ). On the other hand, given a point
Now, we want to determine the cocycles ζ ∈ H 1 (F q , T ′ ) for which the twists
and let e be a positive integer with 1 ≤ e ≤ d ′ . We denote the 1-cocycle sending F rob q to τ e 1 by ζ e ∈ H 1 (F q , T ′ ) where τ 1 is the image of τ ∈ T under the projection T ։ T ′ . The following proposition tells us the schemes we should consider.
Proposition 2.8. We have the following decomposition
Proof. Giving a (G, N )-cover defined over F q with branch locus B is equivalent to giving the following diagram of fundamental groups:
The cover corresponding to the above diagram is actually an N G -cover if and only ifφ is surjective i.e. φ(F rob q ) = τ e for some positive integer e with 1 ≤ e ≤ d and (e, d) = 1. Let P ∈ H G,N (F q ) N and let Q ∈ Λ −1 (P ). Then, by the definition of Λ,
. The difficult part is to prove the inequality "⊇"; that's what we do below. Let e be a positive integer with (e, d ′ ) = 1 and 1 ≤ e ≤ d ′ and let Q ∈ H ζe G (F q ). We want to show that
. In other words, we want to show that there exists an N G -cover (f, S) such that ∆((f, S)) = P where P = Λ(Q) and ∆ :
is the natural map defined in Theorem 2.5.
induces a diagram as above, which is induced by a surjective morphism of groupsφ 0 :
This implies that
On the other hand,
Thus, we have natural isomorphisms:
Recall Hence, the diagram above corresponds to an N G -cover, say (f, S). By the construction, (f, S) ∈ ∆ −1 (P ) and this completes the proof.
We call a tupleC of conjugacy classes of G Nielsen tuple and its N -orbit [C] N N − N ielsen tuple. We will also refer to N -Nielsen tuples simply as Nielsen tuples when the meaning is clear from the context. Given two Nielsen tuplesC andC ′ , we writeC =C ′ if they differ only by a permutation of the entries. We denote their concatenation byC +C ′ . 
Connected Components of Hurwitz Schemes
Given an N G -cover (f, S) defined over F q , by definition we have a surjective morphismφ : Π 1 (P 
Fq be the degree-n cover associated to one-point stabilizer H.
Definition 3.1. The discriminant of the N G -cover (f, S) is the number q r(f,S) where r(f, S) is the degree of the ramification divisor of the degree-n cover g ′ :
Fq . Define our counting function Z G,N (F q , X) to be the number of isomorphism classes of N G -covers (f, S) defined over F q with q r(f,S) < X. We will need the following counting functions:
ii. h 1 (q, r, e) := C ∈Σr,e |H ζē C (F q )| and h 1 (q, r) := 1≤e≤d
iii. h 2 (q, r, e) := C q |C| where the sum runs over all geometrically connected components of H ζē C 's defined over F q whereC ∈ Σ r,e and h 2 (q, r) := 1≤e≤d
iv. h 3 (q, r, e) := C ∈Σr,e q |C| and h 3 (q, r) := 1≤e≤d
h 3 (q, r, e).
Recall that we want to count the N -covers defined over F q . More precisely, we want to compute Z G,N (F q , X) which is asymptotic to q r <X h(q, r) by Theorem 2.7. On the other hand, by Proposition 2.8, we have q r <X h(q, r) ≍ q r <X h 1 (q, r). Thus, we get:
Observe that q r <X h 2 (q, r) is a good approximation to the desired sum q r <X h 1 (q, r) on heuristic grounds. Therefore, in this section, our aim is to compute the sum q r <X h 2 (q, r) (and then we will use the heuristic); this is not easy.
If H ζē C
were geometrically connected for all F q -rational of type e Nielsen tuplesC and for all relevant e, then the sum q r <X h 2 (q, r) would be equal to q r <X h 3 (q, r) and so we would reduce the problem to computing q r <X h 3 (q, r). Unfortunately, in general, this is not the case.
Note that computing the sum q r <X h 3 (q, r) boils down to computing the connected components of Hurwitz spaces and this is a very old combinatorial problem with a rich history, going all the way back to Hurwitz [9] and Clebsch [3] .
In this section, we will see that there are "many" F q -rational Nielsen tuplesC such that H ζē C possesses a geometrically connected component defined over F q for all e and the number of these components is bounded by positive constant depending only on the group N . Thus, we will reduce the problem to computing q r <X h 3 (q, r). More precisely, the purpose of this section is to prove the following proposition. By the lemma below, we have the right-hand-side inequality. As for the inequality on the left-hand-side, we need a result controlling the geometrically connected components of Hurwitz spaces. The first such theorem along the lines presented here is attributed to Conway and Parker-the first version of such a theorem to appear in print is due to Fried and Völklein [8] . We will need the next two technical lemmas to prove Proposition 3.4. First of them is needed to apply Lemma 3.6 to our setting. Proof. By Lemma 1 of [8] , there exists an extension of groups
Lemma 3.7. There exists a commutative diagram of finite groups
be an extension which corresponds to the extension above via the isomorphism
, and letG = π −1 (G). Now, the evaluation morphism M → M ′ defined by f → f (1) induces the following surjective morphism of groups π ′ :G ։G ′ . One can easily check that these extensions fits into the desired commutative diagram above and complete the proof.
Let π :Ñ → N be a surjective morphism of finite groups withG := π −1 (G) as in Lemma 3.7 . Clearly, G is normal subgroup of index d with cyclic quotient. Let's fix and denoteτ ∈Ñ generatingT :=Ñ /G with π(τ ) = τ . LetT ′ :=Ñ /GCenÑG. Simplifying the notation,τ will also denote its image inT andτ 1 will denote its image inT ′ . Note that the mapπ :T ′ → T ′ induced by π is an isomorphism. Note also that N acts on geometrically connected GaloisG-covers and this induces an action ofT ′ on HG. Namely, if a geometrically connected Galois G-cover is induced by a morphism φ :
by Proof. We can replaceτ withτ e in the proof below so we may assume that e = 1. Let H ≤G be the subgroup generated by g 1 ...g k such thatD q =Dτ whereD is the Nielsen tuple of (g 1 , ..., g k ). We will show that for all h ∈ H, there exists a k-tupleḡ
., g k > -ḡ represents a F q -rational Nielsen tupleD inG withD q =Dτ . It suffices to show for h = 1: Ifḡ = (g 1 , . .., g k ) is such a tuple with g 1 ...g k = 1 and ifh = (h 1 , ..., h k ) is a k-tuple having product h and representing a Nielsen tupleD ′ withD ′ q =D ′τ , then we can just concatenatē g withh and thus, get such a tuple having multiple h.
So, letḡ = (h 1 , ..., h s ) be a generating set forG which represents a Nielsen tupleD 0 . LetD be the concatenation of the tuples inT 1 -orbit ofD 0 . Obviously,D q =Dτ . Now, if (g 1 , ..., g k ) ∈D with x = g 1 ...g k then take |x|-multiple of (g 1 , ..., g k ) where |x| denotes the order of x. This completes the proof of the claim.
′ with (e, d ′ ) = 1 and t e = qτ −e . t e acts on the set of conjugacy classes of G and t r e acts trivially for some positive integer r since (q, |G|) = 1. Therefore, one can put a group structure on the set T e := {t i e |i = 1, ..., r}. Given a conjugacy class O in G, we will denote the T e -orbit of O by C e (O) and definē
Notice that, given a Nielsen tupleC, the conditionC q =C τ e is equivalent to the conditionC qτ −e =C sō O e is the "smallest" F q -rational Nielsen tuple of type e containing O. Thus, given a Nielsen tupleC in G withC q =C τ e , we can writeC
Likewise, we can consider the setT e = {t i e |i = 1, ..., s} wheret e = qτ −e and the Nielsen tupleŌ e wherẽ O is a conjugacy class ofG which projects down to O.
We follow [7] closely to prove Proposition 3.4:
Proof of Proposition 3.4. We want to prove the inequality on the left-hand-side. 
The projection π(D +B +D i ) is F q -rational of type e and it can be expressed asC +C j + n.1 whereC j can be drawn from a finite set of Nielsen tuplesC 1 , ...,C k and1 denotes the trivial conjugacy class.
We now claim that H ζē C+Cj has an F q -rational geometrically connected component. Once again note that H G,G ∼ = H G /F q where H G is the coarse moduli scheme of geometrically connected Galois G-covers. So, for any GaloisG-cover Y → P 1 we have the canonically associated Galois G-cover Y /U → P 1 where U := ker(π :G ։ G). This defines a morphism of schemes/F q π * : Hζ
Notice that this map factors through (possibly overF q ) the natural map, which is induced likewise,
Since π ′ (B) contains at least K nontrivial conjugacy classes ofG ′ , by Lemma 3.6, the image of π ′ * is geometrically connected and so is the image of π * . The image of π * is the F q -rational geometrically connected component we want.
Define h 2 (q,C) to be the number of F q -rational geometrically connected components of H ζē C multiplied by q |C| . By the discussion above, h 2 (q,C +C j ) ≥ q |C+Cj | for some j. For each F q -rational of type e Nielsen tupleC, fix such aC j and setC pr :=C +C j . Thus, we have
where m is the supremum of r(C j )'s and the sums run over F q -rational of type e Nielsen tuplesC. This completes the proof.
Malle's Conjecture
Let Z ′ G,N (F q , X) = q r <X h 2 (q, r). Observe that heuristic (A) implies h 1 (q, r) = h 2 (q, r) (this indeed is the only point where we use the heuristic). So, by lemma 3.3, Z G,N (F q , X) has the same asymptotic order with the counting function Z 
In this section, our main purpose is to compute asymptotic order of the counting function Z ′ G,N (F q , X). In detail: we will define the constant b(G, N, F q ) and prove Theorem 1.2. We will write a conjecture for the counting function Z N (k, X) for any global field k and, using Theorem 1.2, we will show that our conjecture gives the right asymptotic in some important cases.
We will need the following lemma from Tauberian theory, for a proof see [7 
If f (t) has a pole of order b at t = q a and no other poles with |t| ≥ q a , then
′ ) = 1 and t e = qτ −e . Note that t e acts on the set of conjugacy classes of G and that t r e acts trivially for some positive integer r. Set T e := {t i e |i = 1, ..., r}. Given a conjugacy class O in G, we denote the T e -orbit of O by C e (O) and defineŌ e :
Denote the set of G−conjugacy classes of minimal-index elements of G by C(G). Given e with 1 ≤ e ≤ d ′ and (e, d ′ ) = 1, define
By Lemma 4.1, the following theorem (respectively, the related corollaries) is just another way to state Theorem 1.2 (respectively, the corollaries) in the introduction:
Proof. By Proposition 3.4, we have
On the other hand, for every e with 1 ≤ e ≤ d ′ and (e, d ′ ) = 1, we have the factorization: and this completes the proof.
As a special case, we get the result of Ellenberg-Venkatesh [7] : Let N = ( (123) ⊕ (456) )⋊ (14)(25)(36) ≤ S 6 and let Z N (Q, Q(ζ 3 ), X) be the number of isomorphism classes of N -extensions K/Q containing Q(ζ 3 ) such that d K/Q < X. In [11] , Klüners shows that Z N (Q, X) ≍ X 1/2 logX contradicting with Malle's conjecture which predicts Z N (Q, X) ≍ X 1/2 . Indeed, he proves that Z N (Q, Q(ζ 3 ), X) ≍ X 1/2 logX. With evident modifications, one gets the same result in function field case for q = 2 (mod3) i.e. Z N (F q , F q 2 , X) ≍ X 1/2 logX. The following corollary shows that our theorem gives the right asymptotic for the number of N -extensions in this case. Proof. Given an N -extension K/F q (t), maximal constant intermediate subfield in its Galois closure K/F q (t) might be F q (t), F q 2 (t) or F q 6 (t) corresponding to the normal subgroups of N , respectively, N , We will show that Z Another interesting example in [11] is N ∼ = (C 3 ≀ C 3 ) × C 2 ⊆ S 18 where C 3 denotes the cyclic group of order 3. Klüners shows that Z N (Q, X) << X 1/4 . In function field case, our main result gives us the exact asymptotic: Proof. Let's write N = C 3 ≀ C 3 × C 2 = ( g 1 × g 2 × g 3 ) ⋊ x × y . We will just consider the normal subgroups G with a(G) = a(N ). Given a N -extension K/F q (t), N has four such normal subgroups G with cyclic quotient corresponding to possible maximal constant subextensions in the Galois closure of K/F q (t). So, we have four cases. 
